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We derive a microscopic model describing the low-lying edge excitations in the fractional quantum 
Hall liquid with u = — - — . For u* > 0, it is found that the composite fermion model reduces 
to an SU(/^*) Calogero-Sutherland model in a dimension reduction, whereas it is not exact soluble 
for u* < 0. However, the ground states in both cases can be found and the low-lying excitations 
can be shown the chiral Luttinger liquid behaviors. On the other hand, we shows that the finite 
temperature behavior of G — T curve will deviate from the prediction of the chiral Luttinger liquid. 
We also point out that the suppression of the 'spin' degrees of freedom agrees with very recent 
experiments by Chang et al. The two-boson model of Lee and Wen is described microscopically. 

PACS numbers; 73.40.Hm,71.10.Pm,71.27.-f-a,71.10.-w,05.30.-d 



The basic characteristic of the quantum Hall states is 
the incompressibility of the two-dimensional (2-d) elec- 
tron system in a strong perpendicular magnetic field [Q . 
While there is a finite energy gap for particle-hole ex- 
citations in the bulk, the low-lying gapless excitations 
are located at the edge of the quantum Hall liquid 
A phenomenological picture of the edge states of frac- 
tional quantum Hall (FQH) effect is beyond the Fermi 
liquid framework and known as the chiral Luttinger liq- 
uid (CLL) . Recently, the edge excitations of FQH 
effect (FQHE) were studied by several groups numeri- 
cally g or in accordance with the Calogero-Sutherland 
model (CSM) Q as well as the composite fermion (CF) 
picture in the Hartree approximation Q . 

In previous works we have given a microscopic 
model of the CF for the edge excitations at the filling 
factor V — 1/m, m = odd integer. It was seen that at 
V = \/m the CF system ^ reduces to the original CSM 
pOf with a dimension reduction. And the low-lying ex- 
citations of the edge, then, are proven to be governed 
by a CLL. We further applied this microscopic theory to 
analyze the tunneling experiment Jill and got a better 
fit to the features of the measured tunneling conductiv- 
ity versus temperature curve 0. However, the CLL 
is applied not only to the one channel edge excitation, 
i.e. , at v — 1/m but also to the multi-channel case, 
for example, a,t v = ^ — for integer v* and even num- 

ber ^ > |3|. Furthermore, a systematic experimental 
study of the current-voltage (/ — V) characteristic for 
the electron tunneling between a metal and the edge of 
a 2-d electron gas at a fractional filling factor v shows a 
continuous non-Ohmic exponents a — Ijv, i.e., / 
psf . This is contradict with the prediction of the CLL 
theory in which, say, / ^ V'^ for the primary filling fac- 
tor being 1/3. Several authors have made their efforts 
in explaining these phenomena Lec and Wen re- 

cently proposed a two-boson model for FQHE regime to 
explain the experimental result in which the spin velocity 
is much slower than the charge's and then the long time 
behavior shows the exponent a = l/v while the short 



4>\u*\±i ■ 
is basically 



time behavior complies with the Fermi statistics of the 
electrons p^ . 

In this article, we propose a generalization of our pre- 
vious work in the following sense. On the one hand, we 
consider a 2-d anyon model with SU(j'*) 'spin' symmetry 
and to see how it will be under a dimension reduction to 
one. On the other hand, this dimension reduction leads 
to a microscopic derivation of the CLL at j/ 

It is seen that the edge theory ai v = ^ — 

described by the SU(i/*) CSM, i.e., the j/*-channel the- 
ory whose low-lying excitations are separated into charge 
and 'spin' channels where the v* — \ spins run in the 
same direction as the charge's. However, it is not the 
case for that ai v = ^ i^^* < 0)- The edge theory 

at these filling factors does not correspond to an exact 
soluble model. Fortunately, we could still find a good 
approximation ground state wave function and then the 
\i>*\ channel low- lying excitations where the charge chan- 
nel runs in the opposite direction to the spin channels. 
We show that the exclusion statistics between the chan- 
nels is described by the K matrices p6[ |. Thus, using 
the bosonization procedure developed in ]l7t the system 
with the exclusion statistics matrix K can be taken as the 
fixed point of the multi-channel Luttinger liquid. From 
the radial wave equation of the system, one can show that 
the residual magnetic field provides a gap between right- 
and left-moving modes in each channel of these low-lying 
excitations. This verifies the CLL at the T ^ limit. 
From this microscopic picture, the spin and charge ve- 
locities can be estimated and one finds that v* « v*. 
This supports the two-boson theory of Lee and Wen. 
Very recently, Chang et al observed a plateau behavior 
in I'cdgc approximately between 2/5 and 2/7 around 1/3 
p8[ , which seems to support Lee- Wen's theory. We also 
argue that our model at v* oo may apply to describe 
the edge state at = 1/2. 

The CLL is one side in which the ground state behav- 
ior of the system is well described. On the other hand, 
the finite temperature behavior of the system shows a 
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crossover from the CLL to the Fermi hquid |Q. We 
have explained this crossover at v = 1/m |l2| . Here, we 
predict that this crossover could also appear for other 
filling fractions like v = 2/5 if applying our argument 
for V — l/m to the charge channel of the multi-channel 
system. 

To have a microscopic picture of the edge states in 
FQHE, we begin with the CF theory of FQHE §. The 
CF description of the bulk states has been greatly in- 
vestigated 1^ and been focused by many recent stud- 
ies However, to understand the gapless excitations 
of the FQH system, it might be not important to know 
the details of the bulk behavior because all bulk excita- 
tions are gapped. After integrating over the all gapped 
states, the low energy behavior of the system is governed 
by the edge CFs. For a disc geometry, the edge CFs 
are restricted in a circular strip near the boundary with 
its width 6R{r) <C R, the radius of the disc. The edge 
Hamiltonian of the CFs in the unit of ?i = e/c = 2m* = 1 
reads M 
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where the external potential Ueff is the effective poten- 
tial including the interaction between the edge and bulk 
particles, m* is the edge CF effective mass. Here we have 
used the polar coordinate Xi = cos (pi, Ui = Ti sin tpi 
and bulk mean field approximation has been imposed. 
The residual magnetic field B* — -^B. The manifes- 
tation of CF picture is that the ly* denotes the highest 
Landau level index of CF in the residual magnetic field. 
Our central focus is to solve the many-body problem 

i?e*e(-2;iCri, ZAT^CTAfJ = £'*e (ziCTl , • ■ ■ , ""Af J whcrC 

ai = 1, is the Landau level index which we call spin 
hereafter. And the many-body wave function ^'e has to 
be consistent with the bulk state. In the previous works 
[^, we have presented an example to solve the problem 
at V = l/m, i.e., !/* = !, and see that the edge ground 
states can be directly related to Laughlin's wave function 
in the bulk. However, it is not applied to a general FQH 
state with v — — ^ — . 

We start from v* > 0. To the zero order of V, we first 
switch off this interaction. Without loss of the generality, 
one takes the trial wave function is of the form 
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where t„^„. is a parameter matrix to be determined to 
match the particle statistics after the dimension reduc- 
tion and so is A. J„ is the spin quantum number. The 
radial wave function / is symmetric and the azimuthal 
wave function ^'^ is anti-symmetric in the particle ex- 
change. To be consistent with the bulk wave function, 
the azimuthal wave function takes its form. 
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^l^ij = 16 - '?jl'^(6 - ^jf"'"' exp{i-sgn(CT, - (7^)}, (3) 

where = e**^'. In the one-dimensional (1-d) limit, tak- 
ing SR/R ^ in (j^) after acting on ^>e, the Hamiltonian 
on ^E'e yields Hcs on "ifs with 
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where Xij = x 



Xj , ipi = and L = 2ttR is the size of 
the boundary. Paio-j is the spin exchange operator 
To arrive at (^, the matrix t^io-j is taken as jSataj ~ \ 
and A = l/Ne- The Hamiltonian (|) is just the SU(t/*) 
CSM Hamiltonian with a constant shift to the momen- 
tum operator |2^j2l|| and the ground state wave function 
is given by taking CFs in each channel have the same 
number M and Ji = ... = J^' = {M - l)/2 in So, 
we see that a 2-d anyon model with SU(i^*) spin sym- 
metry is reduced to the exact soluble SU(i^*) CSM in 
1-d. Moreover, from the zeros of the ground state wave 
function, one can read out the exclusion statistics ma- 
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6a-p. Furthermore, the asymptotic Bethe 



ansatz (ABA) equation which determines the psudomo- 
mentum Ui^. . The psudomomentum Uia-. relates to Ja^. 
in a complicated way and we do not show it explicitly. 
Because we have used an SU(j^*) symmetric form to con- 
struct the azimuthal wave function, the ABA equations 
are symmetric for the spin indices. In a work characteriz- 
ing the Luttinger liquid in terms of the ideal excluson gas 
|17| , we have bosonized the single component CSM and 
arrived at the single channel Luttinger liquid. This pro- 
cedure can be generalized to bosonize the SU(j^*) CSM. 
The generalization is somewhat trivial but tedious. We 
do not present the details here because the result is just 
as expected: a i/*-channel Luttinger liquid [pT|,^. 

The azimuthal dynamics has two directions: the right- 
and left-moving excitations. However, the radial equa- 
tion of the wave function ranges the right-moving sector 
out of the lower-lying excitation sector. To see the chiral- 
ity, one considers the radial wave equations. As we have 
done, for the single-branch problem, the radial problem 
can be reduced to the single-particle one except the rii^. 
(shorted as n) is related by the ABA equations. As the 
first step, we consider an ideal case in which the effective 
potential takes an infinite wall at the boundary of the 
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2-d system. The eigenenergy of the single-particle wave 
function g+{y) = g{rn — R) with n > is |n|?iti;* lower 
than that of g-{y) — g{rn — R) with n < [H, where 

. Therefore, the states with the negative n are 
ranged out of the low- lying state sector. This implies that 
only the left-moving mode in the azimuthal dynamics be- 
longs to the low-lying excitation sector. The width of the 
wave function g^ is several times of i?* , the cyclotron ra- 
dius of the CF in the effective field. For the highest spin 
u* , one can see that the eigenenergy of (7+(0) (r„_^, — R) 
is £_Ri/- = — 1) -I- since the wave function 

vanishes at r = i? while £„_^, = {{y* — 1) -I- \)'hu)* for 
R ~ rn ^ R*, a. harmonic oscillator energy and coincid- 
ing with the mean field theory applied to the bulk states. 
The gapless excitations appear when |-R — r„| ~ R* . 
Using a perturbative calculation, one has the bare exci- 
tation energy is Eq = — sru' ~ vp^^{rn — R) with 

the Fermi velocity vp — ^^^^(^ + f^*) where m* is the 
bulk CF effective mass. 

The SU(i^*) symmetry forces all other channels of the 
edge excitations have the same velocity as the i'*-th 
channel. This is contradict to the recent edge tunnel- 
ing experiment ||l3|. Lee and Wen |15| argued that this 
inconsistency could be dispelled if the spin mode ve- 
locities are much smaller than the charge's. ( Charge 
mode is given by pc oc ^ pa- and so on.) In our 
model, there are two factors to change the sound veloc- 
ity Vc which equals to vp before considering those fac- 
tors. First, the confining potential is smooth in real sam- 
ples. The sound velocity is given by Vc — ^^^f^ with 
hujk = {i^* + l/2)fiuj* + Ueffikl*^). Ueffir) is slowly 
varying in the real sample, i.e., drUeff{r) <C hiv*/!*^ For 
the simplicity, we assume the edge potential has the form 
that Uef / = in the deep of the sample and Uef / = oo 
outside of the sample. Near the boundary, it can be ex- 
panded inr-i?', Uefs = eE{r - R') + 0{{r - R')^) where 
the induced electric field E describes the edge sharpness. 
The exact value of R' is not important for R — R' = SR 
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eE{kr^-R'), 



one has 
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i.e., the real sound velocity Vc is much smaller than 
vp- The other factor to affect the sound velocity is 
the interaction V which violates the SU(j^*) symme- 
try. The interaction is of the form p^V^a' pa' for p^ 
being the CF density operators. It can be rewritten as 
PcVpPc+ PsVscPc+ PsVss' Ps' where pc is the charge density 
wave and ps are the v* — 1 channels of spin density wave. 
All the interactions stem from the electron-electron in- 
teraction, which yields Vss',Vsc <^ Vp- We can assume 
Ks' = ^sc = 0. Therefore, only the charge density wave 
velocity is renormalized by the interaction Vp. Finally, 
we have the renormalized velocities 



V*p = Vc + Vp, 



(6) 



We see that the smooth edge potential suppresses the 
spin wave velocity whereas the interaction Vp is not 
changed. Here we consider the interaction to be short 
range. It is reasonable to take Vp in the order of the av- 
erage Coulomb interaction, ^^^^f^, which is proportional 
to the inverse of the bulk CF effective mass and of the 
order oi vp- According to (||) and (||), v* sa Vp v* 
which is just what Lee and Wen predicte d Esj . In an ex- 
perimental observation to be published [[18[, Chang et al 
observed a plateau behavior in the vicinity of I'cdgc = 1/3 
in the CLL exponents versus I'cdgc- However, this plateau 
suddenly disappears if either z^cdgc > 2x2+1 ~ ^/^ '^^ 
< ^^2-1 =2/7 approximately. That is to say, before the 
spin degrees of freedom are turned on, the system is con- 
trolled by the single channel CLL for = 1/m while the 
spin breaks the plateau behavior. Therefore, this obser- 
vation is consistent with the picture of the spin velocity 
suppression. 

We have discussed the ground state behavior. Chang 
et al have shown a temperature crossover in the tun- 
neling conductivity G versus temperature in ~ 1/3 
pl| . This crossover from the CLL to Fermi liquid can 
be explained by using our microscopic theory in which 
the dressed energy either is smooth if T ^ /ci? or is of a 
refraction at Fermi surface \iT kp ||l^. This form of 
the dressed energy still holds for the charge channel of the 
multi-channel edge state &% v = — . Therefore, it is 
expected to be the general feature that the measurement 
in G(T, V) obeys the Ohmic law for T > F while the 
CLL ground state emerges for T ^V. Then a crossover 
from the CLL to Fermi liquid for can be observed as tem- 
perature varying from T ■^V to T V. 

Turn to much subtle problem at v* < 0, i.e., v = 
^^I'^j^^ ^ . To solve the problem, we make an anyon trans- 
formation for the edge CF with the statistical parameter 
bScrcr' where b is a real number which is given by a solu- 
tion of equation (0 - 1)6^ -f 20 -I- 2 = 0. Although the 1-d 
limit model is still not soluble after this transformation, 
we may attract the low-lying excitation sector by using 
a trial wave function. A trial wave function enlightened 
by the bulk wave function may be taken of the form 



*e(2;iO-l, ...,Zn,<JnJ 

i \ ^ r; — r 



exp 
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where Scr-a^ = -3 + ci^o-.ctj with c = ij^ - - 5. The 
azimuthal wave function ^'s can be set according to the 
K matrix of the bulk state and reads 



i>j 



X exp{z-[sgn(crj - a^) + 6sgn(i - j)5<^.^J}. (8) 
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This wave function is indeed an eigen wave function of the 
anyon-transformed Hamiltonian if SR/R — > 0. Taking a 
suitable set of the quantum numbers as that for h'* > 0, 
we have the ground state wave function. The important 
matter is that the exclusion statistics of the azimuthal 
wave function is given by the expected bulk K matrix 
Kaa' = 4> — 6aa' ■ According to this exclusion statistics 
matrix and our bosonization approach, we can finally ar- 
rive the CLL theory in which the charge mode travels in 
the opposite direction than the v* — 1 spin-modes, which, 
in the clean edge , leads to the absence of the edge equi- 
libration . However, the effective potential Ueff includes 
all possible external potential. Of them, a most relevant 
one is the random impurity potential. Kane et al have 
shown that this random potential drives the edge to a 
stable fixed point and restores the edge equilibration . 

Finally, we discuss the possible application of the 
model presented here to the edge state at = 1/2. Be- 
cause there are the gapless bulk excitations, it is not clear 
how to identify the edge states. Our formalism provides 
a way to define the edge state ai v — 1/2 \i consider- 
ing the SU(i/*) model at v* oo. As discussed before, 
the spin velocity is also suppressed, which is consistent 
with the power-law I — V behavior in the experimen- 
tal observation. There are two problems to be clarified. 
On the one hand, the bulk excitations can not be inte- 
grated over from the lower-lying excitation sector. How- 
ever, they might not affect the I — V behavior because 
the buck CF has a very large (divergent) effective mass 
at f = 1/2. On the other hand, it is not clear whether 
the edge excitation at = 1/2 is chiral and our model 
does not support the chirality because of _B* = in this 
case. 

In conclusion, we have proposed a microscopic model of 

which is realized 



v-<t>+l 



edge excitations for FQHE dXv = 

through a dimension reduction from a 2-d anyon model 
to the SU(i/*) GSM for v* > while there is no exact 
soluble counterpart for u* <Q. The low- lying excitations 
for both I/* > and v* < 0, however, are proven to be 
described by the CLL. We argued that the two-boson 
theory of Lee- Wen is valid to explain the experiments 
by Grayson et al in FQH regime and consistent with the 
plateau behavior of the GLL exponents recently observed. 
For the finite temperature, we predicted a crossover from 
GLL to Fermi liquid for i^* > as observed in the one- 
channel case. 
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